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Nonadditive Tsallis q-statistics has successfully been applied for a plethora of systems in natural
sciences and other branches of knowledge. Nevertheless, its foundations have been severely criticised
by some authors based on the standard additive Boltzmann-Gibbs approach thereby remaining a
quite controversial subject. In order to clarify some polemical concepts, the distribution function for
an ideal gas with a finite number of point particles and its q-index are analytically determined. The
two-particle correlation function is also derived. The degree of correlation diminishes continuously
with the growth of the number of particles. The ideal finite gas system is usually correlated,
becomes less correlated when the number of particles grows, and is finally, fully uncorrelated when
the molecular chaos regime is reached. It is also advocated that both approaches can be confronted
through a careful kinetic spectroscopic experiment. The analytical results derived here suggest
that Tsallis q-statistics may play a physical role more fundamental than usually discussed in the
literature.
PACS numbers: 24.10.Pa; 26.60.+c; 25.75.-q
1. Introduction. The so-called nonextensive q-statistics
proposed nearly three decades ago by Tsallis [1] has
found many applications (from econometry to black hole
physics), and prompted studies on the meaning of en-
tropy as a physical and informational concept [2–4]. In
certain sense the route followed by Tsallis can be termed
a statistical “top-down” approach. Actually, q-statistics
begun with a new nonadditive formula for entropy, a key
and abstract concept in the core of kinetic theory and
statistical mechanics. Impressive mathematical proper-
ties of Tsallis q-statistics were derived based on the “top-
down” approach [2–6], and the same occurred with the
extended physical description of different Hamiltonian
systems [2, 3, 7–11].
As it appears, Boltzmann entropy is just a particular
case of Tsallis formula. By defining the q-logarithm and
q-exponential functions, lnq f =
fq−1−1
q−1 and eq(f) = [1+
(q − 1)f ]
1
q−1 , so that in the limit q → 1, lnq f = lnf ,
and lnq(eq(f)) = eq(lnq(f)) = f , Tsallis entropy in the
microcanonical ensemble [1], provides immediately the
Boltzmann-Gibbs result as a limiting case:
Sq = kB lnqW, lim
q→1
Sq = kB lnW (BG) (1)
where W is the number of microscopic accessible states.
The q-entropy is nonadditive in the sense that Sq(A +
B) = S(A) + S(B) + k−1B (1− q)S(A)S(B) which implies
the existence of correlations (q > 1) or anti-correlations
(q < 1) in the system.
Later on, a “bottom-up” kinetic approach started by
deriving the velocity distribution function (VDF) follow-
ing the pioneering Maxwell ideas [12]. It was found [13]
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that the one-particle VDF for an ideal gas assumed in
thermodynamic equilibrium can be extended to include
q-Tsallis version by relaxing one of the two basic assump-
tions originally assumed by Maxwell, namely, the factor-
ization of the distribution function:
fM (v)d
3v = f(vx)dvx f(vy)dvy f(vz)dvz , (2)
where v2 = v2x+v
2
y+v
2
z . When such a working assumption
is relaxed by hypothesizing that the velocity distribution
is not factorizable, but assuming (like Maxwell) that the
velocity space is isotropic, Fq(vx, vy, vz) = Fq(v
2), the
power law velocity q-distribution emerging from ensemble
approach is obtained [13]
fq(v) = Aq[1− (q − 1)
mv2
2kBT
]1/(q−1) ≡ Aq eq(−
mv2
2kBT
)
(3)
where Aq is the normalization constant, m is the mass
of the particles, kB is the Boltzmann constant and the
limit q → 1 yields fq(v) = fM (v). A q-generalization
of the Boltzmann H-theorem was also investigated [14].
Since the r.h.s. of Boltzmann equation is nothing but
the total time derivative of the distribution function, its
possible modification must appear in the collisional term.
In this case, the Boltzmann equation reads:
∂f
∂t
+ v.∇f + a.
∂f
∂v
=
(
∂f
∂t
)
q−coll.
, (4)
where a is the particle acceleration, v is the particle ve-
locity and
(
∂f
∂t
)
q−coll
is the q-collisional term. It was
shown that the q-power law (3) is the unique solution
under which the proposed q-collisional term is nullified.
However, both approaches were unable to determine the
q-parameter as a function of the extensive quantities. It
was constrained using the H-theorem (q > 0) but not
quantified in terms of the gas properties (for similar stud-
ies in the relativistic domain see [15, 16]).
2In this Letter, beyond to fill this gap we also ad-
dress other closely related problems/questions underly-
ing Tsallis q-statistics: (i) which is the q-index expression
for an ideal finite gas far from the molecular chaos regime
and how to quantify the degree of correlation in the Tsal-
lis regime? (ii) which is the nature of such correlations
whether “in or out” of thermodynamic equilibrium? (iii)
Is there a “transition” describing the emergency of the
uncorrelated molecular chaos from the correlated Tsallis
regime? Finally, we also discuss the key question: (iv)
how Tsallis’ regime can experimentally be probed for this
unique simple system?
In order to avoid theoretical subtleties and contro-
versial issues involving the nonadditive entropy defini-
tion (see for instance, [4, 17]), in what follows we adopt
the “bottom-up” approach for answering the points listed
above. Our attention it will be concentrated on the ki-
netic behavior of an ideal gas with a finite number of
particles. This system has been kinetically studied be-
fore by several authors, however, focused on the so called
thermodynamic limit, N →∞ (see for instance [18–20]).
This ideal finite gas is the simplest statistical system for
which a “bottom-up” extended framework can be ap-
plied, and, as such, it can be dubbed an ideal q-gas in
the sense of Tsallis [21].
Our leitmotiv is that Tsallis power-law regime and
its MB limit must emerge naturally from the Liouville-
kinetic description of finite systems. As we shall see, for
a gas of N particles, the four above aspects can be elu-
cidated at once. In particular, it will be demonstrated
that the finite ideal gas is usually correlated, becomes
less correlated whether the number of particles grows,
and, finally, fully uncorrelated when the molecular chaos
regime is reached. Based on such results we also discuss a
simple spectroscopic experiment to confront Tsallis and
Boltzmann approaches, as well as, to delimit when the
predicted change of regimes starts in the q-gas.
2. From Liouville N-particle distribution to the one-
particle VDF of a q-ideal gas. In the Liouville descrip-
tion, the state of an ideal gas composed by N particles
is a point in the 6N dimensional Γ-space whose coor-
dinates are the spatial coordinates and velocities of all
particles. The location of the ith particle in the Γ-space
is the 6-dimensional vector Σi = (xi, vi). In addition, the
probability that a Γ-point is found in a unit volume of
Γ-space at time t is given by the N-particle distribution
function, fN (Σ1, ....,ΣN ,t). It is normalized
∫ ∞
−∞
fN(Σ1, ...,ΣN , t)d
6Σ1.....d
6ΣN = 1 (5)
where dΣi = d
3xid
3vi. As widely known, the convective
derivative fN satisfies the collisionless Boltzmann equa-
tion dfN/dt = 0. Since we are describing velocity inde-
pendent forces in a time reversible Hamiltonian system,
this also means that Tsallis’ entropy remains constant.
In other words, all the information is in principle avail-
able in the Liouville equation. The one and two-particle
VDF are the reduced distributions by integrating out all
the irrelevant degrees of freedom.
Let us now consider an homogeneous monatomic gas
with particles of mass m in thermal equilibrium at tem-
perature T, within a box of volume V . The total energy
of the gas reads:
E =
m
2
N∑
i=1
v2i = Nmǫ→
N∑
i=1
v2i = 2Nǫ (6)
where ǫ is the average energy per unit mass of the gas
which is assumed to be a measurable quantity, that is,
macroscopically determined.
The N-particle distribution function for an ideal gas
depends only on the kinetic energy. Then, it is natural
to assume fN proportional to a δ-function [19, 20]:
fN (Σ1, ...,ΣN ) = BNδ
(
N∑
i=1
v2i − 2Nǫ
)
(7)
where the constant BN can be determined from (5). By
integrating over all space variables one finds:
BNV
N
∫ ∞
−∞
δ
(
N∑
i=1
v2i − 2Nǫ
)
d3v1...d
3vN = 1 (8)
which can be solved transforming to polar coordinates:∑N
i=1 v
2
i = R
2 with d3v1...d
3vN = R
3N−1dRd3NS. Note
that d3NS is the surface element of a unit sphere in 3N
dimensions. As one may check, the normalized fN now
takes the form:
fN (v1, ..., vN ) =
2
Ω3N (2Nǫ)
3N−2
V N
δ
(
N∑
i=1
v2i − 2Nǫ
)
(9)
where
Ω3N =
∫
d3NS =
2π3N/2
Γ(3N/2)
(10)
is the surface of a unit sphere in 3N dimensions [18].
The one-particle VDF yields the probability to find at
random a molecule between Σ1 and Σ1 + dΣ1 regardless
of the Γ-space position of the other molecules. Now, by
taking v1 = v and following the tradition (see for instance
[18]), we also normalize f(v) to the particle concentration
n = N/V
f(v) = Nf1 = NV
N−1
∫ ∞
−∞
fN (v, v2, ..., vN )d
3v2...d
3vN
(11)
where the term V N−1 is nothing but the volume inte-
grated over the remaining coordinates. By inserting the
3value of fN from (9) and using again polar coordinates,
the integration over the remaining velocities results:
f(v) =
n
(2Nǫ)3/2
Ω(3N−3)
Ω3N
[
1−
v2
2Nǫ
](3N−5)/2
(12)
and by inserting the Ω-prefactors defined by (10), it fol-
lows that:
f(v) = n
(
3
4πǫ
)3/2 (3N2 )−3/2Γ(3N2 )
Γ(3N2 −
3
2 )
[
1−
v2
2Nǫ
](3N−5)/2
.
(13)
Note that for a finite value of N, this result describes a
power-law with cut-off in the velocity space, v ≤ vm =
(2Nǫ)1/2. It is readily checked that in the limit N →∞
the above expression reduces to the MB result
lim
N→∞
f(v) = fM (v) = n
(
m
2π kB T
)3/2
e
− mv
2
2 kB T (14)
where now we have inserted
ǫ =
3
2
kBT
m
(15)
as usually demonstrated for the thermodynamic limit.
This measurable value is macroscopically determined
through the pressure of perfect gases, P = nkBT . Its va-
lidity have been demonstrated for a dilute gas when the
molecular chaos is already established. However, since
the focus of our article is the finite system whose VDF is
described by (13), it is natural to ask whether Eq. (15)
still remains valid. In order to show that, let us consider
the kinetic gas pressure as predicted by distribution (13)
when the cutoff in the particle velocities is taken into
account. In this case, the pressure P is defined by [18]
P =
m
3
∫ vm
0
f(v)v2d3v =
4πm
3
∫ vm
0
f(v)v4dv (16)
and takes the following form for a finite gas:
P =
4πnm
3
(
3
4πǫ
)3/2
DN
∫ vm
0
v4
[
1−
v2
2Nǫ
](3N−5)/2
dv
(17)
where DN =
( 3N2 )
−3/2Γ( 3N2 )
Γ( 3N2 −
3
2 )
. By defining a new vari-
able, x = v2/2Nǫ, the integral is reduced to a complete
Beta function [22], B(z, w) = Γ(z)Γ(w)/Γ(z + w), with
z = 5/2 and w = (3N − 3)/2. As a result of the integra-
tion process, all terms appearing in DN cancels out and
the pressure becomes P = 32 nmǫ (the same Maxwellian
value!). This means that small systems, those with dif-
ferent finite values of N¯ and V¯ , but the same concentra-
tion, n = N¯/V¯ = N/V , are able to maintain the equilib-
rium conditions because the mean free path (l ≃ 1/nπσ2)
is not altered (σ is the diameter of the hard spheres).
Therefore, all these monatomic gases are endowed with
different extensive quantities, but obeys P = nkB T .
Hence, by equaling both expressions for the pressure, we
obtain exactly the same energy per unit mass, ǫ, given
by (15).
The VDF (13) can be rewritten in the standard Tsallis
form because the term in the square bracket, [1 − x
2
α ]
α,
is already in the form of a power-law which becomes the
MB exponential factor in the limit α → ∞. To show
that, we first observe that Γ(x) is a sharply peaked and
rapidly varying function. Thus, by neglecting the factor
of a few only in the power-index of (13) and comparing
with (3), the q-parameter is obtained
3N
2
=
1
q − 1
→ q = 1 +
2
3N
(18)
thereby fixing naturally the MB limit
lim
N→∞
q(N) = 1. (19)
Note also that the VDF (13) now assumes a Tsallian form
(cf. (3)):
f(v) = n
(
m(q − 1)
2π kB T
)3/2 Γ( 1q−1 )
Γ( 1q−1 −
3
2 )
[
1− (q − 1)
mv2
2kB T
] 1
q−1
.
(20)
As should be expected, the MB velocity distribution is
also recovered from the VDF above by taking the limit
q → 1.
On the other hand, applying the transformation q →
q′ = 1− 23N we find that q+q
′ = 2 which recovers the so-
called additive duality relation in this context [4]. Note
also that (20) under duality transformation becomes:
f(v) = n
(
m(1− q′)
2π kB T
)3/2 Γ( 11−q′ )
Γ( 11−q′ −
3
2 )
[
1− (1− q′)
mv2
2kB T
] 1
1−q′
.
(21)
which is also a q-power law with cut-off because the du-
ality relation implies that q′ < 1.
It is also worth noticing that all averages and marginal
probabilities were calculated here in the traditional man-
ner. In other words, q-average values of physical quanti-
ties and nonstandard calculations of marginal probabili-
ties, as sometimes adopted [4, 23, 24], are not necessary
in the present context.
At this point we recall that several authors investigated
the properties of finite systems based on the “top-down”
entropic approach, including different expressions for the
q-parameter, possible rescaling properties and even con-
ceivable effects for different nonstandard entropies [7–11].
In principle, the “bottom-up” results derived here may
also have consequences for such studies. It should be
also stressed that the nonextensive ideal gas is in ther-
modynamic equilibrium from the very beginning with the
standard concepts of temperature, pressure and average
energy per particle rigorously preserved. Interestingly,
4as it will be discussed below, the homogeneity and sim-
plicity of the q-gas distribution facilitate all higher order
calculations so that its nonextensivity degree can also be
understood based on the analytical two-particle correla-
tion function.
3. Correlations from two-particle VDF. As remarked
earlier, the two-particle function f(v1, v2) ≡ f(v, v
′) in
this context is a trivial generalization of the one-particle
case. It is obtained by integrating out over the irrelevant
N − 2 degrees of freedom. Following standard lines (see
also discussion above (11)), let us normalize f(v, v′) by
N(N − 1) ≃ N2 thereby obtaining:
f(v, v′) = N2V N−2
∫ ∞
−∞
fN (v, v
′, v3..., vN )d
3v3...d
3vN
By inserting fN from (9), this integral is solved as before
by changing to polar coordinates. Then, using the same
value of ǫ and also the q-definition from (18) we obtain
for N greater than a few:
f(v, v′) = n2Gq
(
m
2π kB T
)3 [
1− (q − 1)
m(v2 + v′2)
2kBT
] 1
q−1
6= f(v).f(v′) (22)
where Gq = (2− q)(3− 2q)(4− 3q). The 2-particle corre-
lation function is also a q-power law with cut-off (q > 1)
satisfying the duality relation. In addition, since the final
inequality indicates that it cannot be factorized, the q-gas
does not satisfy the extra-mechanical Boltzmann hypoth-
esis, the basis of his H-theorem. However, for very large
values of N (q → 1) and the same limit yields G1 = 1
thereby obtaining (compare with Eq. (14))
f(v, v′) = n2
(
m
2π kB T
)3
e
−
m(v2+v′2)
2kBT = f(v).f(v′) (23)
showing that the correlation vanishes as expected for
the MB limit. These results also suggests that the phe-
nomenological nonextensive Boltzmann H-theorem [14],
can rigorously be formulated for a q-gas.
The derived index q = 1 + 2/3N together (22) means
that the q-gas is only moderately correlated. The ba-
sic reason is very simple. A finite gas with 102 parti-
cles departs from the MB limit nearly one part in 10−2,
whereas for a gas with N = 104 particles the effect is
only one part in 10−4. Since the system is in thermody-
namic equilibrium, such results complete the answer of
the problems/questions (i), (ii), and (iii) outlined in the
introduction. Note also that the existence of such corre-
lations much before the molecular chaos regime may be
closely related with the energy conservation law during
the collisions. In principle, measurements to find these
nonextensive effects in a finite ideal gas are possible and
of great interest. However, as it will discussed next, ex-
periments with a relatively small number of particles and
a high degree of accuracy are needed.
4. Probing nonextensive effects in the q-gas. Let us
now discuss how to find possible nonextensive signatures
in the finite gas. Several experiments have already ver-
ified Maxwellian [25, 26] and non-Maxwellian distribu-
tions (see [27–30] and Refs. therein). However, for a
finite gas, an additional care must be taken w.r.t. such
experiments: (i) The earlier ones were done when the uni-
versal validity of the MB distribution was not being con-
tested, (ii) many experiments involve a very large number
of particles (thermodynamic limit), and (iii) power-laws
can be easily observed, but, possibly, only for strongly
correlated systems.
On the other hand, predictions related to the q-gas
must be tested in its proper regime, that is, far from the
MB limit (N → ∞). For example, through an experi-
ment where the measured quantity in the MB limit de-
pends only on the temperature whereas in the nonexten-
sive domain N is activated in virtue of the correlations.
Some possibilities are related to spectroscopic methods.
Probably, the simplest one is the well known thermal
Doppler broadening (TDB) arising from random motions
of the radiating atoms. Its phenomenology is remarkable
simple: the light emitted from atoms moving to the ob-
server is blue shifted and those moving away, contribute
to a redshift of the spectral lines [26]. For a given atom
with velocity vz, the observed wavelength λ and the rest
frame λ0 are related by λ ≃ λ0(1 + vz/c), where c is the
light velocity. Since vz and λ are linearly related, the line
width must be a q-Gaussian peaked at λ0. In the MB
limit (q = 1), the TDB at the rest central wavelength λ0
(full width at half maximum) reads [31]
λ− λ0
λ0
≡
∆λD
λ0
=
(
8kB T
mc2
ln2
)1/2
(24)
whereas for a finite gas, it depends explicitly of q = 1 +
2
3N . By using the q-logarithm definition
∆λD
λ0
=
(
8kB T
mc2
lnq 2
)1/2
→
∆λD
λ0
=
∆λD
λ0
(
lnq 2
ln 2
)1/2.
(25)
5In terms of N the above Tsallian expression reads:
(
∆λD
λ0
)
T
=
(
∆λD
λ0
)
MB
(
2− 21+2/3N
3Nln 2
)1/2
. (26)
with the MB result (24) being recovered when N → ∞.
In principle, this kind of experiment may provide a defini-
tive proof of nonextensive effects in this simplest system
and the reality of the ideal q-gas.
5. Final Remarks. In this article we have discussed
the derivation of the velocity distribution function for
what we have dubbed the ideal q-gas, that is, an ideal
gas containing a finite number of particles. As far as we
know, the case for a finite gas and its kinetic connection
with Tsallis statistics has not been investigated before.
The main results derived here may be summarized as
follow:
(i) The finite q-gas has been discussed by using the
conventional kinetic approach without taking the ther-
modynamic limit. As a result we derived the Tsallis
power-law index, q = 1 + 23N (section 2). In the limit
(N →∞, q → 1), the standard Maxwell-Boltzmann dis-
tribution is recovered.
(ii) The two-point correlation function of the q-gas has
also been derived (section 3). It was found that it is
only moderately correlated. The existence of correla-
tion seems to be a simple manifestation of the energy
conservation law for a relatively small number of parti-
cles; a kind of “memory effect” of small systems, van-
ishing when the molecular chaos regime is attained. The
adopted kinetic analysis implies that the entropy is also
conserved, and, as such, although correlated, the system
is in thermodynamic equilibrium. The q-gas provides a
simple analytical example that molecular chaos can no
longer be considered a central concept for systems with
a relatively small number of particles.
(iii) The properties of both regimes (Tsallis and
Maxwell-Boltzmann) can be probed preparing systems
with different number of particles and volumes, but shar-
ing the same concentration. In principle, several cru-
cial crucial experiments are possible. One of them, the
Doppler broadening of spectral lines, has been discussed
with some detail. In Tsallis’ regime the prediction of the
broadening, ∆λ/λ0, is different from the standard value
[section 4, Eqs. (24)-(26)], and may reveal the reality of
the q-gas description.
(iv) The fact that the q-gas is only moderately corre-
lated and acted by short-range forces (binary collisions)
means that q-statistics signatures are not necessarily re-
lated to long-range forces or even to strongly correlated
systems (including fractals). Naturally, systems endowed
with such ingredients must strength the nonextensive
effects thereby explaining the ubiquity of power-laws.
However, our results suggests that moderate signatures
in less extreme systems, may open a new route to the-
oretical and experimental understanding of such effects.
Hence, although relatively rare in nature, their investi-
gation is by no means less important and challenging.
Finally, we stress that the approach followed here for
the ideal q-gas may also be useful to determine the q-
parameter for similar systems in different fields. If ex-
perimentally verified, these results suggest that Tsallis
q-statistics for finite systems may play a more funda-
mental physical role than Boltzmann statistics.
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